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ABSTRACT 
A coherent configuration can be thought of as a set of association schemes linked 
by additional relations. We develop a generalization of the Krein conditions which 
applies to coherent configurations and which takes into account the additional 
information contained in the relations between the schemes. We then apply it to 
quasisymmetric designs and strongly regular designs to obtain inequalities on the 
parameters. We also give examples to show that these conditions are stronger than the 
usual Krein conditions on the association schemes contained in the configuration. 
0. INTRODUCTION 
The Krein conditions are one of the standard methods used to check 
feasibility of parameter sets for association schemes (used, for example, in [l, 
Chapter 141). They h ave also been applied to give restrictions on the 
parameters of generalized n-gons [6, 71. In [5], Delorme generalizes this 
method to give Krein conditions for distance biregular graphs which use the 
interaction between the two association schemes of the bipartition, and gives 
an example to show that this is stronger than the Krein conditions on the 
schemes of the bipartition treated separately. Delorme’s result can be inter- 
preted in the context of coherent configurations in a natural way. There are 
many other geometric and combinatorial structures which are more com- 
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pletely described by coherent configurations than by association schemes. 
Motivated by this, we wanted to find a similar generalization for these 
structures. 
In this paper, we develop a generalization of the Krein conditions which 
applies to any coherent configuration and gives Delorme’s result as a special 
case. As with the Krein conditions for association schemes, the mathematics 
used is elementary, but the resulting conditions can be usefully applied to a 
variety of combinatorial objects. We concentrate on applications to two 
combinatorial structures: quasisymmetric designs and strongly regular de- 
signs. For quasisymmetric designs, the resulting inequality seems to be 
equivalent to that of [2] and [II], whereas the inequality for strongly regular 
designs is new. We also give examples of parameter sets which are ruled out 
by these inequalities. 
The first section reviews definitions and notation for coherent configura- 
tions, and the second develops the Krein conditions. Sections 3 and 4 give the 
applications. 
1. COHERENT CONFIGURATIONS 
Coherent configurations were defined by D. G. Higman, and can be 
considered as a generalization of association schemes. 181 is a basic reference, 
and we will use the terminology and notation of that paper. However, we 
repeat the definition and much of the notation to emphasize the differences 
with association schemes. 
DEFINITION. Let X be a finite set and let {ft>, E I be a set of relations on 
X such that: 
(l) {f,li E 1 is a partition of X2. 
(2) f/ = fi* for some i* E I, where fi” = {( y, x): (x, y) E fil. 
(3) fi n diag( X X X) # 4 implies ji c diag( X X X). 
(4) Given(x, y) ??fk, l{z: (x, z) ~fi,(z, y) ‘&}I is a constant ph which 
depends only on i, j, and k. 
Then g = (X,(f,ljE Il. 1s said to be a coherent configuration. 
Note that if fi = diag(X X X) f or some i, then E: is an association 
scheme (possibly nonsymmetric). 
In a coherent configuration, the set X can be partitioned into subsets X,, 
(Y E a, such that for all i E I, fi G X, X Xa, for some (Y, p E a, and 
diag(X,2) =fi, f or some i. Each X, together with the relations on it forms an 
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association scheme ‘iFa. The type of a coherent configuration is the ]R] X IQ/ 
matrix whose (Y, p entry is ]{i:fi c X, X Xa}l. 
The adjacency matrices of g are the 1 X 1 X IX I matrices Ai whose i, j 
entry is 1 if(x, y) Efi and 0 otherwise. The adjacency algebra ti = &@7) is 
the algebra over C generated by the adjacency matrices; it is also closed 
under Hadamard multiplication. 
d is semisimple, hence JV = C,“= 1 (9 B,, where each B, is a simple 
two-sided ideal and hence B, E M,!C) for some e,. Let Al, . . . , A,,, be the 
inequivalent absolutely irreducible representations of M, so AsIs, is an 
isomorphism, and let z, be the multiplicity of A, in the regular representa- 
tion. We choose the representations (as we may) so that A,(A’f) = A,( A)t; 
this will be required later. 
There is a basis {E;) of M defined by A,( ~isj) = S,, Eb, where El: is the 
e, x e, matrix with (i, j) entry 1 and all other entries 0. Then there are linear 
functionals afj such that for A E &, A,( A) = C aij( A)E,si. We number the 
functionals afj in some order al, . . . , a, and the &,Sj correspondingly, so if 
ajj = ah, then ~4 = Ed, and define h, = z,. Also define h by UJ = aS,. Then 
-t 
&A = q. 
Since & is closed under the Hadamard product E~ 0 9 = C 91P.sV; the 
scalars (9iJ are called the Krein parameters of M. Note that for a coherent 
configuration, the Krein parameters are not necessarily positive, or even real. 
2. KREIN CONDITIONS 
Essentially, Krein conditions exploit the fact that the Hadamard product 
of positive semidefinite matrices is positive semidefinite. In the case of 
association schemes, this is applied to the primitive idempotents, and for 
coherent configurations the obvious thing to do is to consider E* 0 c,, , where 
A = h and p = ii (as was done in [S]). It turns out that this does not give the 
strongest possible generalization. 
The important underlying idea is the following elementary application of 
linear algebra. Recall that a matrix is positive semidejnite if it is hermitian 
and has all eigenvalues > 0. 
LEMMA 1. Let Z = C cheA and Z’ = Cc; Ed be positive semi&finite 
matrices. Then A,(Z 0 Z’) is a positive semidefinite matrix. 
Proof. Z 0 Z’ is positive semidefinite. A, is a homomorphism preserving 
the property of being hermitian, hence As also preserves positive semi- 
definiteness. ??
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While Lemma 1 is a general fact about matrices, its importance for 
coherent configurations comes from the fact that since 2 is given in terms of 
the basis {E*), the resulting inequality can be expressed in terms of the 
parameters of the scheme. 
We may choose 2 as follows. Define +s: M,!C) + JY by 
4s((bij)) = C bijEG 
i-j 
and let Z = +s,(B) for B a positive semidefinite matrix. Z is also positive 
semidefinite since 4, is an algebra homomorphism. 
In our applications in Sections 3 and 4, we use Z = Z’ = +ss(j), where J 
is the all Is matrix. Other choices do not produce any new results for these 
particular examples. We also use the following formula for calculating the 
Krein parameters [8]: 
9:~ = h*h,iF1 $ ‘h( Ai)“p( Ai) %( Ai), 
2 
where mi = If,l. 
3. QUASISYMMETRIC DESIGNS 
DEFINITION. A quasisymmetric design is an incidence structure of points 
and blocks such that: 
(1) Any two points are in A blocks. 
(2) Every block contains k points. 
(3) Two blocks intersect in x or y points, where x < y. 
As usual, we will.let u be the number of points, b the number of blocks, 
and r the number of blocks containing a given point. Quasisymmetric designs 
have been extensively studied; see [4], for example. 
The graph defined on the blocks of a quasisymmetric design by intersec- 
tion size y is strongly regular, say with parameters (b, k ‘, A’, p’) and 
eigenvalues k’, r’, sr, where r’ > s’. Higman showed [8] that a quasisym- 
metric design is equivalent to a coherent configuration of type 
We can apply Lemma 1 to get the following inequality. 
COHERENT CONFIGURATIONS 
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(r’ + 1)3 
i 
(v - 2k)Q 
(b -k’ - 1)’ - k2(k - l)(v -k) “* 
Proof. The irreducible representations for a quasisymmetric design are 
given in [8, Table I]. Order the linear functionals a; as follows: 
4 ) aL , ail, ah,, aL aL , ail, ai,, a:,, so a, = ail, etc. Let 2 = Es + Es + 
E, + es. Then 
It is easily seen that the other relevant values of q$ are 0. 
By Lemma 1, A,(Zo Z) = is positive semidefinite. The Krein 
parameters are 
5 _v-2 
955 - v ’ 
qi8 _ (0 - II2 ‘3 
b” 
1+b- 
YE6 = q:, = 
(v - l)‘v( v - 2k)( r - h)3’2 
v2k2(v - k)2 ’ 
The desired inequality is obtained by simplifying det(A,(Z 0 Z)>, using 
the equations (v - IXr - A) = k(b - r-1 = r(v - k) and (k - 1Xr - A) = 
A(v - k). ??
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EXAMPLES. The inequality fails for the following parameter sets: 
No. v k h x y b k’ A’ /J’ r’ 
1 76 10 12 0 2 760 495 334 300 39 
2 77 17 68 2 5 1463 850 525 450 80 
3 81 16 27 1 4 729 520 379 350 34 
These parameters satisfy the conditions given in [8] for a quasisymmetric 
design and the Krein conditions for the block graph. However, they fail the 
inequality of Neumaier ([ll]; 1 a so see [2] for an equivalent inequality), and a 
computer search of parameters gives a strong indication that these inequali- 
ties are equivalent. 
In addition, the present form of the inequality suggests the following new 
consequence for the block graph. Note that we use the term “block graph’ 
only for the graph corresponding to the larger intersection size. 
COROLLARY 3. Let r be a strongly regular graph with parameters 
(b, k’, A’, p’), eignevalues k’ > r’ > s’, and multiplicities 1, f, and g. 
Suppose that 911 = 0, where 
(r’ + 1)3 
(b-k’- 1)” 
is the usual Krein parameter. If r is the block graph for a quasisymmetric 
2 - (v, k, A) design, then v = 2k. 
See [3] for theorems on such graphs. 
4. STRONGLY REGULAR DESIGNS 
In this section, we apply Lemmas 1 and 2 to coherent configurations of 
type (: :)* The basic relations for these configurations are given by Higman 
[9], and we will use the notation of that paper. 
A coherent configuration of type 
( ) 
“, “, is equivalent to a strongly regular 
design. 
COHERENT CONFIGURATIONS 505 
DEFINITION. A strongly regular design is an incidence structure of 
points and blocks such that: 
(1) Two points are in as or b, blocks, a2 > b,, and the graph on points 
defined by a2 (the point graph) is strongly regular with parameters 
(n,, k,, A,, kr) and eigenvalues k, > t-r > sr with multiplicities l,fr, g,. 
(2) Two blocks intersect in a, or b, points, a, > b,, and the graph on 
blocks defined by a, (the block graph) is strongly regular with parameters 
(n2, k,, A,, /.L~> and eigenvalues k, > r, > s2 with multiplicities l,fs, g,. 
(3) Each point is incident with S, blocks, and each block is incident with 
S, points. 
(4) The number of blocks incident with a point p and block B depends 
only on whether p is incident with B or not. 
For a strongly regular design, a dual condition to (4) holds for points. 
Note that a distance biregular graph of diameter 4 (see [5] or [lo]> is 
equivalent to a strongly regular design with b, = b, = 0, and if the point and 
block graphs have the same parameters, the graph is a bipartite distance 
regular graph. Partial geometries are also examples. 
Table 1 gives the irreducible representations for a strongly regular design, 
where 
a = m, P = &n, - S,)(n, - S,) > 
and 
y=\lS,+ar -br(rz+l). 1 2 
TABLE 1 
IRREDUCIBLE REPRESENTATIONS 
Al A2 A3 A4 
A, E 11 El1 1 0 
A2 klEl1 
-(,:f’i)E,, -$+ 1) 
0 
A3 4&l 0 
4 E E 22 0 1 
4 k&z (r~fE?)E,, 0 
4 4 E22 - 0 -b;p+ 1) 
A7 ;::z YE12 0 0 
47 - YE12 0 0 
A9 YE21 0 0 
A 10 
;:: 
-YE,, 0 0 
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The multiplicities are zi = 1, 
x2 = ((n1 - 1)(-s,) - h)/h - Sl)> 
z3 = n, - 1 - z2, and z4 = n2 - 1 - z2. 
THEOREM 4. The parameters of a strongly regular design satisfy 
(r1 + 1)” 
! 
3 
(nl - kl - 1)” ’ + $ - 
(f-2 + 1)” 
(n2 - k, - 1)2 
-(S, + a1r2 - b,( r2 + 1))3 & - 
i 
1 
I 
2 
1 2 (121 - S,)(n2 - S2) a O* 
Proof. Order the linear functionals ah as follows: 
41 ’ 4 
3 1 
7 all, a22> 42 ) 4 ’ 42 
2 
,a12,akl,a ;1> 
so al = akl, etc. Let Z = &s + .ss + 8s + via. Then 
z” z = 9;2&1 + 9:2&z + 9:2&3 + 9&% + 9565% + 9;sE7 
+ 9b8 + 9~010~cl + 9:0010~lO* 
It is easily seen that the other relevant values of 91; are 0. 
By Lemma 1, A,(Z 0 Z> = is positive semidefinite. From the 
association scheme Krein conditions for the point and block graphs, 9i2 z 0 
and 95” > 0, so the new condition is that det(A,(Z 0 Z)) 2 0. The relevant 
Krein parameters are 
3 
f-1 (r1 + 1)” 
’ + e - (nl - k, - 1)” 
G l r2” (r2 + q3 9k = n”2 ’ + c - ( R2 _ k, _ 1)2 ’ I 
8 _ 10 
988 - 91010 = *(Sl + alr2 - b,(r, + 1))3’2 
711122 
i 
1 1 
X - - 
SlS2 I (n1 - S,)(n, - S2) . 
??
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EXAMPLES. The parameter sets below are for strongly regular designs 
(which are distance biregular graphs for Examples 1 and 3): 
No. ni ki hi pi ri si a, bi 
1 288 140 76 60 20 36 6 0 
64 42 26 30 2 8 2 0 
2 77 60 47 45 5 21 9 3 
99 42 21 15 9 27 9 0 
3 26 15 8 9 2 6 2 0 
26 15 8 9 2 6 2 0 
They satisfy all the conditions in [9], and the parameters for the point and 
block graphs are feasible for strongly regular graphs. However, the parame- 
ters fail the inequality of Theorem 4. 
Example 1 is the example given by Delorme [5], whereas Example 2 is 
new. 
The parameters of Example 3 are those of a bipartite distance regular 
graph with intersection array {6,5,4,3; 1,2,3,6}, hence such a graph cannot 
exist. However, the point and block graphs have parameters for which a 
strongly regular graph exists. This set of parameters is also ruled out by the 
Krein conditions for distance regular graphs. In fact, while any bipartite 
distance regular graph of diameter 4 can be considered as a strongly regular 
design, Theorem 4 in this case gives no new information (personal communi- 
cation from A. E. Brouwer). This is to be expected since the association 
scheme on the distance regular graph does use the information on the 
interaction between the two parts of the partition. 
We can also show a result similar to that of Corollary 3. Recall that we 
define the point and block graphs using the larger of the two point join and 
block intersection numbers only. 
COROLLARY5. Suppose r is a strongly regular graph with Krein param- 
eter qfl = 0. Then r cannot be the point or block graph of a strongly regular 
design. 
The author would like to thank A. E. Brouwer and T. lto for useful 
conversations. 
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